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Oceanic	
  KE	
  frequency	
  spectra	
  peaked	
  at	
  
ω ≈ f = 2Ωearth sin(latitude)

[Ferrari	
  and	
  Wunsch	
  2009]	
  

Ø  5-­‐10%	
  of	
  all	
  KE	
  
Ø  Surface	
  intensified,	
  but	
  present	
  at	
  all	
  depths	
  
Ø  “Despite	
  their	
  ubiquity,	
  energy,	
  and	
  many	
  years	
  of	
  study,	
  much	
  about	
  

the	
  behavior	
  of	
  iner4al	
  waves	
  remains	
  obscure.”	
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Surface	
  currents	
  resonate	
  at	
  

25	
  days	
  of	
  observed	
  driRer	
  trajectories	
  

[D’Asaro	
  et	
  al.	
  95]	
  

35	
  days	
  of	
  observed	
  surface	
  wind	
  stress	
  

∂UML

∂t
+ fk×UML =

τ
ρHML

− rUML

Slab-­‐Model	
  Surface	
  DriRer	
  Trajectory	
  

X	
  

Y	
  

f = 2Ωearth sin(latitude)



Mixed	
  layer	
  near-­‐iner(al	
  currents	
  are	
  amplified	
  under	
  
atmospheric	
  storm	
  tracks	
  

[Chaigneau	
  et	
  al.	
  2008]	
  

Especially	
  during	
  winter	
  



KE	
  flux	
  from	
  winds	
  to	
  mixed	
  layer	
  iner(al	
  currents	
  
qualita(vely	
  consistent	
  with	
  driRer	
  observa(ons	
  

∂UML

∂t
+ fk×UML =

τ
ρHML

− rUML

Forced+damped	
  harmonic	
  oscillator	
  model	
  of	
  mixed	
  layer	
  iner5al	
  currents:	
  

[Alford	
  2003]	
  

La
4t
ud

e	
  

Calculated	
  using	
  6-­‐hr	
  NCEP	
  reanalysis	
  winds	
  
Input	
  to	
  the	
  slab	
  model	
  



Near-­‐iner(al	
  mo(ons	
  coexist	
  	
  
with	
  energe(c	
  lower-­‐frequency	
  geostrophic	
  flows	
  

Mean	
  surface	
  currents	
  [cm/s]	
   St.	
  dev.	
  surface	
  currents	
  [cm/s]	
  

~90%	
  of	
  KE	
  in	
  ocean:	
  balanced	
  low-­‐frequency	
  mesoscale	
  eddies	
  and	
  mean	
  flows	
  
~10	
  %	
  of	
  KE:	
  ageostrophic	
  near-­‐iner4al	
  mo4ons	
  
	
  
Big	
  ques(ons:	
  
1)  Kine4c	
  Energy	
  –	
  do	
  balanced	
  flows	
  provide	
  a	
  significant	
  source	
  of	
  KE	
  for	
  NIW?	
  
2)  Upper-­‐ocean	
  mixing	
  –	
  do	
  balanced	
  flows	
  modulate	
  wind-­‐generated	
  NIW	
  and	
  

boundary-­‐layer	
  turbulence,	
  ocean	
  heat,	
  nutrient,	
  tracer	
  budgets,	
  atmosphere-­‐ocean	
  
exchange?	
  



For	
  Example:	
  the	
  Gulf	
  Stream	
  
Mean	
  Dynamic	
  Sea	
  Surface	
  Height	
  anomaly	
  h	
  

(GOCE)	
  
Mean	
  Surface	
  Current	
  Speed	
  |u|	
  (driRers)	
  

Subpolar	
  gyre	
  

Subtropical	
  gyre	
  

Gulf	
  S
tream

	
  

	
  
•  Sharp	
  drop	
  in	
  sea	
  surface	
  height	
  (~	
  1	
  m)	
  
•  Strong	
  mean	
  current	
  (~	
  1	
  m/s)	
  

	
  

	
  

h;p://oceancurrents.rsmas.miami.edu/atlan4c/	
  

f × u = −g∇ h

Coriolis	
  	
  
Force	
  

Pressure	
  gradient	
  
force	
  Approximate	
  geostrophic	
  force	
  balance	
  

just	
  below	
  the	
  surface	
  boundary	
  layer	
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  [W/m2]	
  	
   .025	
  



Annual	
  average	
  KE	
  from	
  winds	
  to	
  NIW	
  in	
  North	
  Atlan(c	
  

•  Gulf	
  Stream	
  lies	
  underneath	
  atmospheric	
  storm	
  tracks.	
  

0	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  [W/m2]	
  	
   .025	
  

(NCEP/NCAR	
  reanalysis)	
   [e.g.	
  Alford	
  2003]	
  



A	
  strongly	
  baroclinic	
  geostrophic	
  jet	
  

De
pt
h	
  
[m

]	
  

Streamwise velocity [m/s]	
  

Density	
  is	
  wri;en	
  an	
  anomaly	
  from	
  1000	
  kg/m3	
  	
  

Cross-­‐Stream	
  Distance	
  [km]	
  	
  

•  Surface	
  pressure	
  gradient	
  compensated	
  by	
  baroclinic	
  pressure	
  gradient	
  at	
  depth.	
  
•  Velocity	
  sheared,	
  nearly	
  in	
  thermal	
  wind	
  balance.	
  

f ∂u
∂z

= −
∂b
∂y

fu = − 1
ρ
∂p
∂y

0 = − 1
ρ
∂p
∂z
+ b

b = − gρ
ρ0

Buoyancy:	
  

Geostrophic	
  
balance:	
  

Hydrosta(c	
  	
  
Balance:	
  

Thermal	
  Wind	
  Balance	
  

Poten4al	
  density	
  
contours	
  (CTD)	
  [kg/m3]	
  

climode.org	
  

North	
  

Subtropical	
  	
  
mode	
  water	
  Du

Dt
+ f ×u = −∇p

ρ0
+kb+ℑ

Momentum	
  Eqns	
  



De
pt
h	
  
[m

]	
  

Streamwise velocity [m/s]	
  

Density	
  is	
  wri;en	
  an	
  anomaly	
  from	
  1000	
  kg/m3	
  	
  

Cross-­‐Stream	
  Distance	
  [km]	
  	
  Earth’s	
  rota4on	
  

Baroclinic	
  torque	
  
Without	
  planetary	
  rota4on,	
  
density	
  contours	
  slump	
  	
  
over	
  
	
  
Til/ng	
  of	
  planetary	
  	
  
vor/city	
  
Ver4cally	
  sheared	
  	
  
geostrophic	
  flow	
  4lts	
  
ver4cal	
  spin	
  into	
  horizontal	
  spin	
  
balancing	
  baroclinic	
  torque	
  
	
  

Cold	
  
Warm	
  

-­‐

+

∂ug
∂z

Physics	
  of	
  Thermal	
  Wind	
  Balance	
  

b = − gρ
ρ0

Buoyancy:	
  

f ∂u
∂z

= −
∂b
∂y

fu = − 1
ρ
∂p
∂y

0 = − 1
ρ
∂p
∂z
+ b

Geostrophic	
  
balance:	
  

Hydrosta(c	
  	
  
Balance:	
  

Thermal	
  Wind	
  Balance	
  

A	
  strongly	
  baroclinic	
  geostrophic	
  jet	
  

Poten4al	
  density	
  
contours	
  (CTD)	
  [kg/m3]	
  

climode.org	
  

North	
  

Subtropical	
  	
  
mode	
  water	
  ∂b

∂y

•  Surface	
  pressure	
  gradient	
  compensated	
  by	
  baroclinic	
  pressure	
  gradient	
  at	
  depth.	
  
•  Velocity	
  sheared,	
  nearly	
  in	
  thermal	
  wind	
  balance.	
  



Geostrophic	
  Richardson	
  number	
   Geostrophic	
  Rossby	
  number	
  

Rig = N
2 ∂ug /∂z

2
~1−10 Rog =

∇h ×ug
f

~ 0.1−1.0

N 2= ∂b /∂z

A	
  strongly	
  baroclinic	
  geostrophic	
  jet	
  

Buoyancy	
  Frequency	
  
	
  Squared	
  



Near-­‐iner(al	
  mo(ons	
  in	
  the	
  Gulf	
  Stream	
  

Down-­‐
front	
  

z	
  

y	
  
x	
  

y	
  

x	
  

Contours	
  of	
  density	
  
anomaly	
  (ρ-­‐1000	
  kg/m3)	
  



Feb.	
  2007	
  sec5on	
  at	
  66o	
  W	
  

•  Parallel	
  to	
  isopycnals,	
  
strongest	
  part	
  of	
  the	
  front.	
  

	
  

•  Banded	
  pa;erns	
  of	
  high	
  Ri-­‐1	
  

•  Energe4c	
  turbulence	
  
	
  
	
  

•  Qualita4vely	
  consistent	
  with	
  
simula4ons	
  

	
  

Cross-­‐stream	
  ver4cal	
  shear	
  [s-­‐1]	
  (ADCP)	
  
Observa(ons	
  of	
  banded	
  

ageostrophic	
  shear	
  	
  
in	
  the	
  Gulf	
  Stream	
  



Ques(on	
  for	
  today	
  

•  Wind-­‐forced	
  near-­‐iner4al	
  KE	
  develops	
  small	
  horizontal	
  scales	
  
over	
  a	
  4me	
  scale	
  ~	
  1	
  day	
  and	
  propagates	
  downward	
  as	
  internal	
  
iner4a-­‐gravity	
  waves.	
  

	
  
•  How	
  is	
  the	
  physics	
  of	
  near-­‐iner(al	
  internal	
  waves	
  modified	
  by	
  

the	
  presence	
  of	
  the	
  strong	
  front	
  like	
  the	
  Gulf	
  Stream?	
  



Outline	
  

•  Lagrangian	
  interpreta4on	
  of	
  internal	
  waves	
  in	
  	
  rota4ng,	
  stra4fied	
  
fluids	
  
–  Buoyancy	
  oscilla4ons	
  
–  Iner4al	
  oscilla4ons	
  and	
  absolute	
  momentum	
  
–  Iner4a-­‐buoyancy	
  oscilla4ons	
  
–  Propaga4on	
  of	
  internal	
  wave	
  energy	
  

•  Near-­‐iner4al	
  waves	
  propaga4ng	
  across	
  a	
  geostrophic	
  flow	
  in	
  thermal	
  
wind	
  balance	
  
–  Absolute	
  momentum	
  and	
  buoyancy	
  conserva4on	
  	
  
–  When	
  are	
  symmetric	
  disturbances	
  stable	
  oscilla4ons?	
  
–  Mean	
  flow	
  modifica4on	
  iner4al-­‐buoyancy	
  oscilla4ons	
  
–  	
  Propaga4on	
  of	
  internal	
  wave	
  energy	
  across	
  a	
  strongly	
  baroclinic	
  mean	
  flow	
  

•  Interpre4ng	
  observa4ons	
  in	
  the	
  winter	
  Gulf	
  Stream	
  



ρ1 < ρ2

Density	
  (color)	
  

∂p
∂z

= −gρ(z)

Ini4al	
  Hydrosta4c	
  Balance	
  

ρ1

ρ2

Depth	
  (z)	
  

Lighter	
  

Denser	
  
(sugar)	
  

Buoyancy	
  oscilla(ons	
  in	
  a	
  density-­‐stra(fied	
  fluid	
  



Buoyancy	
  oscilla(ons	
  in	
  a	
  density-­‐stra(fied	
  fluid	
  

ρ1 < ρ2

Density	
  (color)	
  Depth	
  (z)	
  

∂p
∂z

= −gρ(z)

Ini4al	
  Hydrosta4c	
  Balance	
  

Small	
  adiaba4c	
  
displacement	
  	
  

D2ζ
Dt2

=
Dw
Dt

= b = −ζN 2

ρ1

ρ2

equilibrium	
  depth	
  
ze , ζ=0	
  

	
  

ζ	
   δρ = ρp − ρ (ze +ζ )ρp

Conserva(on	
  Law:	
  
Conserva4on	
  of	
  density	
  

Restoring	
  Force:	
  	
  
Buoyancy	
  

Fz = b = −g
δρ
ρ
= −g

ρp − ρ (ze +ζ )
ρ (ze )

≈ +ζ
g
ρ

∂ ρ (z)
∂z

= −ζN 2

Dρp

Dt
= 0

ρp

Fz	


Lighter	
  

Denser	
  
(sugar)	
  

D
Dt

w2 +ζ 2N 2( ) = 0Conserva4on	
  of	
  energy	
  

Force	
  balance	
  

Assuming	
  the	
  parcel	
  adjusts	
  instantantly	
  to	
  the	
  
background	
  pressure	
  and	
  that	
  external	
  fric4onal	
  and	
  

diaba4c	
  effects	
  are	
  negligible	
  



Buoyancy	
  oscilla(ons	
  in	
  a	
  density-­‐stra(fied	
  fluid	
  

Buoyancy	
  frequency	
  	
  
	
  
	
  
	
  
	
  
~	
  a	
  few	
  minutes	
  in	
  ocean	
  
	
  
	
  
	
  
	
  

N = −
g
ρ0

∂ρ
∂z

Typical	
  oceanic	
  ver4cal	
  profile	
  of	
  	
  
N = ∂b /∂z



Iner(al	
  oscilla(ons	
  in	
  a	
  fluid	
  disk	
  in	
  solid	
  body	
  
rota(on	
  

Free	
  surface	
  height/	
  
angular	
  momentum	
  distribu4on	
  	
  

	
  (color)	
  

Free	
  surface	
  height	
  (h)	
  

−Ω2r = −g∂h
∂r

h = H0 +
Ω2r2

g
,L =Ωr2

Ω

r	
  

r	
  

z	
  
Ini4al	
  Cyclostrophic	
  balance	
  

Side	
  view	
  

Top	
  view	
  



Iner(al	
  oscilla(ons	
  in	
  a	
  fluid	
  disk	
  in	
  	
  
solid	
  body	
  rota(on	
  

x	
  

y	
  



Iner(al	
  oscilla(ons	
  in	
  a	
  fluid	
  disk	
  	
  
in	
  solid	
  body	
  rota(on	
  

Assuming	
  the	
  parcel	
  adjusts	
  instantantly	
  to	
  the	
  
background	
  pressure	
  and	
  that	
  external	
  fric4onal	
  and	
  

diaba4c	
  effects	
  are	
  negligible	
  

Restoring	
  Force:	
  	
  
Coriolis	
  force	
  

Mp

Fc=-fup	


Mp = up-f(ye+η) =-fye	


up(t)=fη(t) = δM = Mp-	



equilibrium	
  
posi4on	
  
ye , η=0	
  

	
  

Du
Dt

− fv = 0⇔ DM
Dt

= 0

Conserva(on	
  Law:	
  
Conserva4on	
  of	
  absolute	
  momentum	



D2η
Dt2

=
Dv
Dt

= Fc = − fδM ≈η f
∂ M
∂y

≈ −η f 2

D
Dt

v2 + f 2η2( ) = D
Dt

v2 +u2( ) = 0

up	


M = u - fy	



Defini4on	
  

M = − fy

Small	
  fric4onless/
adiaba4c	
  displacement	
  

M (ye +η)

Conserva4on	
  of	
  energy	
  

Force	
  balance	
  



“Coriolis	
  frequency”	
  or	
  	
  
“Iner(al”	
  frequency	
  	
  
	
  
	
  
	
  
12	
  hours	
  (at	
  the	
  poles)	
  approaching	
  
infinity	
  at	
  the	
  equator	
  
	
  
	
  

f = 2Ωe sin(latitude)

2Ωe	
  

Tradi4onal	
  local	
  tangent	
  plane	
  approxima4on	
  on	
  a	
  
sphere	
  (constant	
  f)	
  

Small	
  iner(al	
  oscilla(ons	
  on	
  a	
  sphere	
  

Ø  Ignore	
  Coriolis	
  forces	
  that	
  compete	
  with	
  buoyancy	
  force	
  



Iner(a-­‐buoyancy	
  oscilla(ons	
  in	
  a	
  rota(ng	
  
stra(fied	
  fluid	
  



Iner(a-­‐buoyancy	
  oscilla(ons	
  in	
  a	
  rota(ng	
  
stra(fied	
  fluid	
  

D2 η
Dt2

= Fη = Fy cosθ +Fz sinθ

Fy = − fup = f∇ M ⋅

η = − f 2η = − f 2 η cosθ

Fz = bp = −∇ b ⋅

η = −N 2ζ = −N 2 η sinθ

D2 η
Dt2

= −η ω 2

D
Dt

w2 + v2 + f 2η2 + N 2ζ 2( ) = D
Dt

w2 + v2 +u2 + b2 / N 2( ) = 0

θ	
  


η

Coriolis	
  and	
  buoyancy	
  are	
  restoring	
  forces	
  

Conserva4on	
  of	
  	
  
absolute	
  momentum	
  	
  
and	
  buoyancy	
  

Force	
  balance	
  

Conserva4on	
  of	
  energy	
  

ω 2 = f 2 cos2θ + N 2 sin2θ( ) Dispersion	
  rela4on	
  



Iner(a-­‐gravity	
  waves	
  	
  	
  

Ø  Parcel	
  arguments	
  cannot	
  describe	
  the	
  wavelike	
  proper4es	
  

∂u
∂t
− fv = 0

∂v
∂t
+ fu = − 1

ρ0

∂p
∂y

∂w
∂t

= −
1
ρ0

∂p
∂z
+ b

∂b
∂t
+wN 2 = 0

∂v
∂y
+
∂w
∂z

= 0

∂E
∂t

+∇y,z ⋅ pu( ) = 0

E = ρ0
v2 +w2 + f 2η2 + N 2ζ 2

2

= ρ0
v2 +w2 +u2 + b2 / N 2

2

f <ω < N

h;p://dennou.gaia.h.kyoto-­‐u.ac.jp/library/gfd_exp/exp_e/exp/iw/1/res.htm	
  

Ø  Energy	
  at	
  a	
  given	
  frequency	
  propagates	
  at	
  a	
  fixed	
  angle	
  from	
  horizontal	
  in	
  constant	
  N,	
  f	
  

∂2

∂t2
∂2

∂z2
+
∂2

∂y2
"

#
$

%

&
'+ f 2

∂2

∂z2
+ N 2 ∂

2

∂y2
(

)
*

+

,
-ψ = 0

Wave	
  energy	
  
conserva5on	
  

Linearized	
  
governing	
  
equa5ons	
  



Iner(a-­‐gravity	
  waves	
  	
  	
   f <ω < N
∂2

∂t2
∂2

∂z2
+
∂2

∂y2
"

#
$

%

&
'+ f 2

∂2

∂z2
+ N 2 ∂

2

∂y2
(

)
*

+

,
-ψ = 0

ψ∝ ei(k⋅x−ωt )

kh = 0,ω = f
A	
  Plane	
  Wave	
  Solu4on	
  

M = − fy

b = zN 2

Ø  Pressure	
  gradient	
  force	
  orthogonal	
  to	
  
parcel	
  veloci4es	
  in	
  plane	
  wave	
  solu4ons	
  
	
  -­‐>	
  no	
  energy	
  propaga4on.	
  

Ø  Energy	
  propagates	
  in	
  slowly-­‐varying	
  
plane	
  waves,	
  

	
  

l
m
= −λ± = ±

ω 2 − f 2

N 2 −ω 2

Lα	
  

cg =∇l,mω

Fa = cg E = pua
∂E
∂t

+∇y,z ⋅ pu( ) = 0



Ø  Phase	
  lines	
  propagate	
  perpendicular	
  to	
  energy	
  propaga4on	
  
Ø  Energy	
  propagates	
  at	
  the	
  group	
  velocity	
  	
  

	
  

Ø  Shallower	
  slope	
  at	
  lower	
  frequencies.	
  	
  	
  
Ø  Characteris4cs	
  symmetric	
  about	
  horizontal	
  axis	
  

h;p://dennou.gaia.h.kyoto-­‐u.ac.jp/library/gfd_exp/exp_e/exp/iw/1/res.htm	
  

Energy	
  

Phase	
  

When	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  wave	
  energy	
  can	
  propagate	
  f <ω < N
ω 2 = f 2 cosθ + N 2 sinθ

cg =∇l,mω

Fa = cg E = pua



Ø 	
  	
  

[see	
  also	
  Mooers	
  1975,	
  Kunze	
  1985,	
  Young	
  and	
  Ben	
  Jelloul	
  1997,Plougonven	
  and	
  Zeitlin	
  2005]	
  

∂2

∂t2
+ f 2

"

#
$

%

&
'
∂2

∂z2
+ N 2 ∂

2

∂y2
(

)
*

+

,
-ψ = 0

Classic	
  wave	
  eqn:	
  

Modified	
  wave	
  eqn	
  

Small,	
  unsteady,	
  symmetric	
  perturba(ons	
  in	
  a	
  
steady	
  and	
  symmetric	
  baroclinic	
  geostrophic	
  flow	
  	
  

f
∂ug
∂z

= −
∂bg
∂y



η(T ) = vdt
0

T

∫ ,ζ (T ) = wdt
0

T

∫

MT = ua +ug − f (ye +η) = ua +Mg

bT = ba + bg

Absolute	
  momentum	
  	
  

Buoyancy	
  

DMT

Dt
= 0

DbT
Dt

= 0
Parcel	
  Displacements	
  

Two	
  Conserva(on	
  Laws	
  

Mg=ug-fy	



bg	



f
∂ug
∂z

= −
∂bg
∂y

Ri−1g = ∂ug /∂z
2
N 2 > 0

Small,	
  unsteady,	
  symmetric	
  perturba(ons	
  in	
  a	
  
steady	
  and	
  symmetric	
  baroclinic	
  geostrophic	
  flow	
  	
  

Rog =
−∂ug /∂y

f



Mg=ug-fy	



bg	



Force	
  Diagram	
  

Fη

Fη = proj ηFc + proj ηFb
Forces	
  on	
  a	
  parcel	
  in	
  the	
  cross-­‐front	
  plane:	
  	
  

Ri−1g = ∂ug /∂z
2
N 2 > 0

η	



η	



Small,	
  unsteady,	
  symmetric	
  perturba(ons	
  in	
  a	
  
steady	
  and	
  symmetric	
  baroclinic	
  geostrophic	
  flow	
  	
  

Stable	
  oscillatory	
  example	
  Rog =
−∂ug /∂y

f



	
  
Iner(a-­‐gravity	
  waves	
  when	
  bg-­‐surfaces	
  are	
  
shallower	
  than	
  Mg-­‐surfaces	
  (q>0	
  in	
  NH),	
  
admits	
  only	
  real	
  frequencies/complex	
  growth	
  
rates.	
  
	
  
Symmetric	
  Instabili(es	
  when	
  bg-­‐surfaces	
  are	
  
steeper	
  than	
  Mg-­‐surfaces	
  (q<0	
  in	
  NH),	
  admits	
  
complex	
  frequencies/real	
  growth	
  rates	
  
[Hoskins	
  1974].	
  

Mg=ug-fy	



bg	



Ri−1g = ∂ug /∂z
2
N 2 > 0 Rog =

−∂ug /∂y
f Ertel	
  PV:	
  

|η|	


|η|	



Small,	
  unsteady,	
  symmetric	
  perturba(ons	
  in	
  a	
  
steady	
  and	
  symmetric	
  baroclinic	
  geostrophic	
  flow	
  	
  



Iner(a-­‐gravity	
  waves	
  when	
  ω2 > max( 0 ,  fq/N2)	


Wave	
  equa4on	
  is	
  hyperbolic	
  

Ø  Two	
  characteris4c	
  slopes	
  for	
  a	
  given	
  ω,	
  
Ø  Symmetric	
  about	
  isopycnals	
  

bg	

bg	



bg	


F 2 −ω 2( ) ∂

2

∂z2
+ 2S2 ∂2

∂y∂z
+ N 2 ∂

2

∂y2
#

$
%

&

'
(ψ = 0

λ± = −
S2 ± S4 − N 2 (F 2 −ω 2 )

N 2

=	
  

Minimum	
  frequency	
  iner4al	
  
oscilla4ons	
  parallel	
  to	
  isopycnals	
  	
  



Geostrophic	
  flows	
  modify	
  the	
  dispersion	
  rela(on	
  	
  

q is a potential vorticity 	



ω ≈ F 2 − 2S2θ + N 2θ 2

Baroclinicity	
  reduces	
  minimum	
  frequency	
  

θ	





DMT

Dt
= 0

Minimum	
  frequency	
  iner(al	
  oscilla(ons	
  

Insight	
  from	
  2-­‐D	
  PV	
  (q):	
  

Minimum	
  frequency	
  
depends	
  on	
  gradient	
  of	
  Mg	
  

on	
  isopycnals.	
  

Physics	
  Governed	
  by	
  Conserva(on	
  of	
  Absolute	
  Momentum	
  

Characteris5c	
  slope	
  and	
  
parcel	
  oscilla5ons	
  parallel	
  
to	
  isopycnals,	
  sb	
  =	
  S2/N2	
  	
  

MT = ua +ug − f (ye +η)
Dη
Dt

= v



Polariza(on	
  of	
  horizontal	
  velocity	
  

F=.5f	


	



θ	



θ=0	



v 	



u 	



F= f(1+Rog)1/2	



ua//va = (1+Rog)1/2	



[see	
  Whi;	
  and	
  Thomas	
  2015	
  JPO]	
  



ε = Rog − Ri
−1
g

Polariza(on	
  of	
  horizontal	
  velocity	
  

Minimum	
  frequency	
  iner4al	
  oscilla4ons	
  parallel	
  to	
  
isopycnals	
  
	
  

	
  have	
  ellip4cal	
  hodographs	
  in	
  a	
  geostrophic	
  flow:	
  

θ	





ua = −η
∂Mg

∂y
−ζ

∂Mg

∂z
ba = −η

∂bg
∂y

−ζ
∂bg
∂z

∂(v2a / 2)
∂t

+ fuava − bawa = −
1
ρ0

∂pava
∂y

+
∂pawa

∂z
#

$
%

&

'
(

∂(v2a / 2)
∂t

+ (F 2η − S2ζ )va − (S
2η − N 2ζ )wa = −

1
ρ0

∂pava
∂y

+
∂pawa

∂z
#

$
%

&

'
(

1
2
∂
∂t

v2a +F
2η2 − 2S2ζη + N 2ζ 2)* +,= −

1
ρ0

∂pava
∂y

+
∂pawa

∂z
#

$
%

&

'
(

A = ρ0
η2t +F

2η2 − 2S2ηζ + N 2ζ 2

2

Integrate	
  buoyancy	
  and	
  
momentum	
  conserva4on	
  laws	
  

Form	
  an	
  “energy”	
  equa4on	
  

Wave	
  ac5vity	
  
conserva5on	
  law	
  
	
  

Linearized	
  wave	
  energy	
  is	
  conserved	
  in	
  the	
  absence	
  
of	
  forcing,	
  diaba(c,	
  and	
  viscous	
  effects	
  	
  

	
  

∂A
∂t
+∇y,z ⋅ pua( ) = 0

Equivalent	
  to	
  usual	
  perturba5on	
  energy	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  <A>T = <E>T= 1/2(u2+v2 + b2/N2) ���
when	
  integrated	
  over	
  an	
  integer	
  number	
  of	
  wave	
  periods	
  T=2π/ω	
  in	
  SHM	
  



Cross-­‐stream	
  propaga(on	
  of	
  sub-­‐iner(al	
  waves	
  
in	
  a	
  spa(ally-­‐variable	
  geostrophic	
  flow	
  

An	
  idealized	
  domain	
  

Geostrophic	
  Velocity	
  

Geostrophic	
  Velocity	
  in	
  Gulf	
  Stream	
  

Ri−1g = ∂ug /∂z
2
N 2

Rog = −∂ug /∂y / f



Characteris5c	
  slopes	
  are	
  
parallel	
  to	
  ray	
  paths	
  

ω=.95f	
  ω=F	
  ω=ωmin	
  

b	
  

b	
  

Energy	
  propagates	
  along	
  characteris(cs	
  	
  

Forcing	
  at	
  a	
  point	
  with	
  frequency	
  ω=.95f	
  	
  	
  Damping	
  

Numerical	
  Solu4on	
  for	
  
point	
  source	
  forcing	
  



Characteris5c	
  slopes	
  are	
  
parallel	
  to	
  ray	
  paths	
  

ω=.95f	
  ω=F	
  ω=ωmin	
  

b	
  

b	
  

Rays	
  are	
  parallel	
  to	
  characteris(cs	
  

Group	
  Velocity	
  

Plane	
  Wave	
  Physics	
  
A	
  =	
  A0	
  ei(ly	
  +mz	
  –ωt)	
  	
  

The	
  same	
  dispersion	
  rela4on	
  

α = l /m

∂ E
∂t

+∇⋅ (cg E ) = 0Phase	
  avg.	
  conserva4on	
  law	
  for	
  
wave	
  ac4vity	
  propaga4on	
  	
  



Characteris5c	
  slopes	
  are	
  
parallel	
  to	
  ray	
  paths	
  

ω=.95f	
  ω=F	
  ω=ωmin	
  

As	
  ω	
  -­‐>	
  ωmin	
  	
  
•  Ray	
  slopes	
  approach	
  
local	
  isopycnal	
  slope	
  

•  Group	
  Velocity	
  -­‐>	
  0	
  
•  	
  Wave	
  energy	
  density	
  
increases	
  

b	
  

b	
  

Sub-­‐iner(al	
  waves	
  trapped	
  and	
  amplified	
  in	
  a	
  
spa(ally-­‐variable	
  geostrophic	
  flow	
  



Characteris5c	
  slopes	
  are	
  
parallel	
  to	
  ray	
  paths	
  

ω=.95f	
  ω=F	
  ω=ωmin	
  

As	
  ω	
  -­‐>	
  ωmin	
  	
  
•  Ray	
  slopes	
  approach	
  
local	
  isopycnal	
  slope	
  

•  Group	
  Velocity	
  -­‐>	
  0	
  
•  	
  Wave	
  energy	
  density	
  
increases	
  

b	
  

b	
  

Numerical	
  solu5on	
  compares	
  well	
  
with	
  ray	
  tracing.	
  

Sub-­‐iner(al	
  waves	
  trapped	
  and	
  amplified	
  in	
  a	
  
spa(ally-­‐variable	
  geostrophic	
  flow	
  



Modified	
  Cri(cal	
  Layers	
  

For	
  steady	
  condi4ons,	
  	
  
(Ac4vity)	
  x	
  (group	
  velocity)	
  x	
  (ray	
  tube	
  area)	
  	
  =	
  constant	
  [Lighthill	
  1978].	
  

Rays	
  converge	
  to	
  the	
  same	
  line	
  or	
  point	
  and	
  ray	
  tube	
  
areas	
  shrink	
  to	
  zero.	
  



Baroclinicity	
  	
  
1.	
  lowers	
  the	
  minimum	
  frequency	
  
2.	
  extends	
  the	
  region	
  where	
  sub-­‐iner4al	
  waves	
  can	
  exist	
  
3.	
  modifies	
  the	
  geometry	
  of	
  the	
  cri4cal	
  layers	
  

Ray	
  paths	
  assuming	
  wave	
  propaga5on	
  is	
  
only	
  modified	
  by	
  varia5ons	
  in	
  ver5cal	
  
rela5ve	
  vor5city	
  

ω ≈ F 2 − 2S2θ + N 2θ 2



Ray	
  tracing	
  predicts	
  trapped/amplified	
  NIW	
  	
  
parallel	
  to	
  isopycnals	
  in	
  the	
  Gulf	
  Stream	
  

Baroclinic	
  effects	
  modify	
  the	
  
dispersion	
  rela4on	
  by	
  ~	
  20	
  %	
  here	
  
	
  

Feb.	
  2007	
  observa4ons	
   ω ≈ F 2 − 2S2θ + N 2θ 2



Equilibrium	
  numerical	
  solu(on	
  of	
  linear	
  equa(ons	
  
at	
  constant	
  frequency	
  consistent	
  with	
  ray	
  tracing	
  

Can	
  be	
  solved	
  in	
  
MATLAB	
  (backslash)	
  in	
  a	
  
couple	
  seconds	
  on	
  my	
  
laptop	
  



Transient	
  non-­‐linear	
  simula(on	
  forced	
  by	
  realis(c	
  
winds	
  consistent	
  with	
  ray	
  tracing	
  

z	
  

y	
  
x	
  

Solved	
  using	
  non-­‐linear	
  primi5ve	
  
eqn.	
  ocean	
  model	
  using	
  8	
  
processors	
  for	
  several	
  hrs.	
  



Conclusions	
  
•  Sub-­‐iner4al	
  waves	
  are	
  trapped	
  and	
  amplified	
  as	
  they	
  

approach	
  their	
  minimum	
  frequency:	
  
	
  

•  Phase	
  lines	
  of	
  minimum	
  frequency	
  oscilla4ons	
  are	
  slanted	
  
along	
  isopycnals	
  and	
  the	
  polariza4on	
  of	
  horizontal	
  velocity	
  
is	
  not	
  necessarily	
  circular.	
  

•  Ray	
  tracing	
  and	
  numerical	
  solu4ons	
  illustrate	
  the	
  trapping	
  
and	
  amplifica4on	
  of	
  NIWs	
  in	
  regions	
  of	
  strong	
  baroclinicity,	
  
similar	
  to	
  observa4ons	
  of	
  banded	
  shear	
  in	
  the	
  
observa4ons.	
  


